We present a study of collective multi-photon blockade in coherently driven atoms in a single mode cavity. Considering two atoms strongly coupled to an optical cavity, we show that the twophoton blockade with two-photon anti-bunching, and the three-photon blockade with three-photon anti-bunching can be observed simultaneously. The three-photon blockade probes both dressed states in the two photon and three photon spaces. The two photon and three photon blockades strongly depend on the location of two atoms in the strong coupling regime. The asymmetry in the atom-cavity coupling constants opens new pathways for multiphoton blockade which is also shown to be sensitive to the atomic decay and pumping strengths. The work presented here predicts many new quantum statistical features due to the collective behavior of atoms and can be useful to generate non-classical photon pairs.
The well known dressed state spectrum of an atom coupled strongly to a high quality cavity has many features which have been the hall marks of the cavity quantum electrodynamics [1] [2] [3] . The first doublet in the dressed states which leads to the vacuum Rabi splitting has been the subject of innumerable investigations [3] [4] [5] [6] [7] [8] [9] . An important property of the dressed state spectrum is its anharmonicity especially for low lying states. Thus the next doublet is to be studied to show the evidence of anharmonic spectrum. This can be done by studying the two photon transitions in the regime of strong atom-cavity coupling [10, 11] .
Birnbaum et. al. for the first time reported photon blockade effect in the absorption of a second photon when the photon was tuned to one of the states of the lowest doublet [12] .
As a result, an incident photon stream with poissonian distribution can be converted into a sub-poissonian, anti-bunching photon stream. Up to date, many works have shown that two-photon blockade phenomenon is indeed feasible for many configurations [13] , artificial atoms on a chip [14, 15] and superconducting circuits [16, 17] . In strong coupling regime, other high lying doublets in the dressed state spectrum predicts many new features of quantum nonlinear optics, which still can be explored by studying multiphoton processes [10] or by studying the dynamical behavior in strongly pumped systems [3, 18, 19] . Photon blockade in a cavity containing a high Kerr medium has been discussed [20] [21] [22] .
Recent experiments on two atoms trapped at well characterized positions have unraveled many new aspects of the collective behavior in a high quality cavity [23, 24] . Interesting new results include the saturation of resonance fluorescence for constructive interference, bunching photon emission for destructive interference, and suppression of super radiant behavior due to strong back reaction of the cavity [24] . If the atoms feel asymmetric coupling to the cavity field while these are driven symmetrically then one can obtain very large secondorder photon-photon correlation g (2) , which has been related to the predominance of two photon processes [23] . Since cavities allow the possibility of a wide range of parameters, the two atom system can in a different parameter domain exhibit hyper-radiance which is enhanced radiation beyond super-radiance [25] . These features can be understood using the possible transitions among the dressed states which depend on the two coupling constants of the cavity mode with the atoms. When the coupling constants are different then new channels open up leading to new physical effects. For example if the two coupling constants differ in phase by π, then the two atom system permits a two photon resonant process which is also one photon resonant. Thus it is worthwhile to examine the nature of not only second-order photon-photon correlation but also third-order photon-photon correlation g (3) .
The anharmonicity of the dressed state spectrum enables us to study many features of the photon blockade for a system of two atoms.
In this work we present some interesting results for the multiphoton blockade in a collective system. Specifically we present new results when the external field is tuned to either one photon resonance or two photon resonance. We note that a recent experiment with a single atom in a high quality cavity reports higher order photon blockade [26] i.e., when the absorption of a third photon is forbidden if the two photon absorption is resonant. However, we find many interesting features of multiphoton blockade associated with the collective behavior of two atoms that a single atom does not possess. We show that in the case of in-phase radiation, sub-possonian statistics of third-order photon-photon correlation can be observed as a signature of three-photon blockade. We also show that the quantum statistical properties changes significantly if the atoms feels different coupling strength to the cavity.
For example, in the case of π/2 phase shift, two photon blockade can be significantly improved, while three photon blockade with two photon bunching can be realized in the case of out-phase radiation.
To realize multi-photon blockade, we now consider a scheme consisting of two two-level atoms in a single mode cavity (see Fig. 1(a) ). The dynamical behavior of the system shown in Fig. 1 (a) can also be treated according to the Jaynes-Cummings model and using master equation which is given by
where ρ is the density matrix operator of this atom-cavity system. In a frame rotating with the frequency of the external field, the Hamiltonian of the atoms and the cavity field can be
is the interaction Hamiltonian between atoms and cavity and the atom-cavity coupling strength is given by g i = g cos (2πz i /λ c ) which is position-dependent.
represents the interaction Hamiltonian with the coherent pumping field. The Liouvillian
is associated with the cavity decay at rate κ, whereas
arises from the spontaneous decay of the excited state of each atom at rate γ. As in Ref. [25] , it is convenient to show the physical mechanism of the system by using the collective states |gg , and |ee as basis to rewrite the Hamiltonian. At this end, the Hamiltonian can be expressed in terms of the collective operators
Here, φ z = 2π∆z/λ c is the phase shift between the radiation of two atoms with ∆z = z 2 − z 1 being the distance between two atoms.
First, we consider the simplest condition of in-phase radiation of two atoms by taking φ z = 0 and g 1 = g 2 = g (i.e., two atoms have the same coupling strength). In this case the state |− is uncoupled from the interaction with cavity. Under the weak pump field approximation, it is easy to obtain a set of eigenstates Ψ
(1)
|gg, 1 in onephoton space with eigenvalues λ
Similarly, in two photon space, we can also obtain a set of eigenstates Ψ
|ee, 0 with eigenvalue λ Numerically solving Eq. (1) and assuming ω c = ω A (i.e., ∆ A = ∆ c ≡ ∆), we plot the mean photon number (blue dashed curve), the field correlation function g (2) Fig. 2 . When the atoms are driven by a weak pump field (e.g., η/κ = 0.1), we show in panel (a) that an excitation doublet can also be observed at ∆ = ± √ 2g
corresponding to the one-photon excitation, leading to the transitions Ψ (0) = |gg, 0 → Ψ
(1) ± shown in Fig. 1(b) . Because the pump field is detuned for the transitions Ψ
± , the two photon transition is off resonant and thus weak leading to photon blockade. Therefore, the corresponding two-photon correlation function g (2) (0) ≈ 0.05 < 1 is the evidence of the two-photon blockade. At these frequencies we can also find that three-photon correlation function g (3) (0) is extremely small. If one increases the pump field, we find that the onephoton and two-photon excitations ( The numerical calculations show that the blockade is sensitive to the atomic decay rate γ as compared to κ. This is illustrated in Fig. 3 . For a small atomic decay rate, e.g. γ = κ/3, the two-photon transition can be excited much more easily than in case of γ = κ, so that the mean photon number at ∆ = ± √ 6g/2 becomes much larger than that at ∆ = ± √ 2g and the three-photon blockade can also be observed with g (2) (0) ≈ 0.8 [see Fig. 3(a) ] [27] . However,
In the case of large decay rate, i.e. γ = 3κ, the two-photon transition can hardly be excited since the atom rapidly decays to the ground state after one-photon transition takes place.
Therefore, the mean photon number decreases slightly and the peaks associated with the one-photon and two-photon excitations merge together [shown in Fig. 3(b) ]. As a result, the width of the peak becomes large. It is worth to point out that at ∆ = ± √ 6g/2 we can obtain
(0) ≈ 0.4, and we can find g (2) (0) ≈ 0.32, g (3) (0) ≈ 0.02 at ∆ = ± √ 2g, indicating that we can realize two-photon and three-photon blockade simultaneously.
In following, we study the case of two atoms for φ z = 0 so that g 1 = g 2 . In this = ω c and Ψ
α|+, 0 with eigenvalues λ
(1) ± = ω c ± g 0 1 + cos 2 φ z , respectively. In two photon space, we can obtain four eigenstates, labeled as Ψ |ee, 0 with eigenvalues λ (2) ± = 2 ω c ± g 3(1 + cos 2 φ z ), respectively. As shown in Fig. 1(b)-(d) , one can also obtain the transition strength by calculating the dipole matrix element of operator √ 2η(D † + + D + ). These dressed states along with some of the important transitions are shown in Fig. 1(c) and (d) . In Fig. 4 , we plot the mean photon number a † a and field correlation functions g (2) ( 0) and g (3) (0) versus the normalized detuning ∆/κ with different pump field and phase shift.
We show that the properties of the quantum statistics of the system changes significantly with the collective behavior of two atoms. First, we consider the case of π/2 phase shift with pump field η = 0.1κ (a) and η = κ (b), we find that the one-photon excitations are dominant although the eigenstate become much more complicated as shown in Fig. 1(c) .
Now the one photon excitations occur at ∆ = ±g. Comparing the results of in-phase radiation (see Fig. 2 ), it is obvious that two-photon blockade phenomenon is even more pronounced. We find that g (2) (0) ≈ 0.01 in panel (a) and g (2) (0) ≈ 0.03 in panel (b), which is nearly 10 times less than that of the in-phase condition for a strong pump field.
This characteristic can be explained by calculating the dipole matrix elements associated with the one-photon and two-photon excitations. In π/2 case, the two-photon transition strength is much smaller than that in in-phase condition, so that the second-order photonphoton correlation drops significantly. For the out-phase case (i.e., φ z = π), the two-photon excitation becomes important because Ψ (0) → Ψ
± transitions are not allowed (see Fig. 1(d) ). As a result, we can observe a single peak at the excitation spectrum and simultaneously both field correlation functions g (2) (0) and g (3) (0) are larger than unity because the two-photon and the three-photon pathways are fully resonant [see panels (c) and (d) in Fig. 4 ]. If we increase the strength of the pump η = 2κ [ Fig. 4(d) ], then the two-photon excitations
± become strong enough to be observed. In the excitation spectrum shown in Fig. 4(c) , there exist three peaks associated with the one-photon excitations (∆ = 0) and two-photon excitations (∆ = ± √ 6g/2) respectively. At ∆ = 0, we find g We conclude this paper by comparing results with the single atom case [see Fig. 5 ]. In panel (a), we take η/κ = 1.0, and it is clear to see that there exist four peaks in the excitation spectrum corresponding to the detuning ∆ = ±g and ∆ = ± √ 2g/2, respectively. At ∆ = ±g, two-photon blockade phenomenon can be observed since the two-photon excitations are non-resonance. This has been widely studied in literature [12, 14, 15] . The small peaks at ∆ = ± √ 2g/2 correspond to the two-photon excitation process i.e., the
transitions if the pump field frequency satisfies ω L = ω c ± √ 2g/2. As shown in Fig. 5(a) , the photon-photon correlation satisfy g (2) (0) ≈ 3.04 and g (3) (0) ≈ 1.42 at ∆ = ± √ 2g/2.
When increasing the pump field, i.e., η/κ = 2, we find that the third-order photon-photon correlation g In conclusion, we have shown that a collective system of two two level atoms in a high quality cavity can display a much richer variety of photon blockade phenomena. This arises from the dressed state structure of the system of interacting cavity field and atoms. The dressed state structure and allowed transitions depend on the two coupling constants of the atoms to the cavity field. We have found that in the case of in-phase radiations of two atoms, the three-photon blockade can be observed with two-photon bunching if the excitation frequency is tuned to two photon transition. The collective behavior depending on the relative 
